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Constrained minimax problem

Minimize max{ f;(x)}

iel/

s.t. X€X X is the set of points x € R” satisfying

bl < x<bu
g;(x)=<0
18 (x) E<cj,x>—dj <0
hi(x)=0
khj(x)E<aj,x>—bj =0
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Constrained minimax problem

Minimize max {f(x)}

iel/

* Objectives

N

s.t. Y€ X X is the set of points x € R” satisfying

bl < x < bu ng,

g;(x)<0 j=1
gj(x)E<cj,x>—djSO j=1

hi(x)=0 j=1
\hj(x)E<aj,x>—bj:O j=1
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Constrained minimax problem

Minimize max{ f;(x)}

1/

* Objectives

s.t. Y€ X X istheset of points x € R” satisfying

N

bl < x < bu

* Bounds

* Nonlinear inequality
* Linear inequality

* Nonlinear equality

* Linear equality
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FSQP Algorithm

< A random point

< A point fitting all linear constraints

< A point fitting all constraints

< An optimal point fitting all constraints
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FSQP Algorithm

< A random point

< A point fitting all linear constraints

< A point fitting all constraints

< An optimal point fitting all constraints
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FSQP Algorithm

< A random point

< A point fitting all linear constraints

- boundary + linear inequality + linear equality

< A point fitting all constraints

< An optimal point fitting all constraints
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FSQP Algorithm

< A random point

< A point fitting all linear constraints

- boundary + linear inequality + linear equality

< A point fitting all constraints

- boundary + linear inequality + linear equality + nonlinear inequality
+ nonlinear equality

< An optimal point fitting all constraints
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FSQP Algorithm

< A random point

< A point fitting all linear constraints

- boundary + linear inequality + linear equality

< A point fitting all constraints

- boundary + linear inequality + linear equality + nonlinear inequality
+ nonlinear equality

< An optimal point fitting all constraints
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FSQP Algorithm

Step 1. Initialization x, —a point; H, — Hessian matrix

l

—> Step 2. A search line d, — direction

l

Step 3. Line search 7, —distance

l

____ Step 4. Updates

X+1  — an update point;

H, ., —an update Hessian matrix
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Initialization

Xy = an initial point fitting all constraints

H 0 = an identity matrix

nNg

DPo.; = aconstant f.(x,p)= m?fx{ [(0)}=> p.h(x)

k :() j:1,...,l’lNE
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Computation of a search line

1. Compute d , solutionof QP(x,,H,, p,)

2. Compute d,, solution of QP(x,.d;. p;)

min %<d°,de0>+f'(xk,do,pk)

o bl <x, +d° <bu
g;(x)+(Ve,(x).d°)<0, iy,
hj(xk)+<th(xk),d0>SO, j=l...n,
<aj,xk+d0>=bj j=L..,t,—n,

fixd,p)= 122;({f1x)+ (Vf,(x),d)}—fﬂ (x)—ij (Vhl.(x),d>

£ = max{f,(x)}

[ M/0 3 50 5

min 2<dk d'.d;-d')+y
s.t. bl<x +d' <bu
f'(xk’dl’pk)sy

< g,(x)+(Ve;(x)d )<y j=l..n

(¢, +d")<d, j=l,

() +(Vh(x).d" )<y j=l..n

L <aj,xk+d1>:b.

J ° e e

3.Set d, =(1-p,)d; +pd;

4. Compute de

P, =Nd ¥ /(1d0 11 +v,)
v, =max(0.5,11d! I

12

7,
Stop: if || d: |< & and Z| hj(xk)| <e,
j=1
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Line search

Armijo line search

5 —<d,?, H.d] > n+n,=0 No nonlinear constraints
k
f'(x.,d.,p,) n+n,#0

nNE

f'(x.d, p) =max{ ;) +(Vf:(x0),d)} = f,, ()= 2 p,{Vh(x),d)

Compute 7, the first number ¢ in the sequence {1, 3, 3°....} satisfying

f.(x, +td, ,p)<f (x,p.)+ato,

g (x +td)=<0, j=1..,ny f.(x,p) =ma;<{ﬁ(x)}—ZNE:pjhj(x)
iel .
<<cj,xk+tdk>3dj, j=1..,n, =
k hi(x,+td)<0, j=1..ny
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Updates
X =X, +1,d,

H ., updated by BFGS formula with Powell’s modification
Mt = X — X Vi =V LX) =V L(x, py)
{ MiaVion 20200 H 1],
0, 0. 877k+1 M
Y O/ P/ HRY
Sin1 =0 Vi T(A=6,,)-H v,

— H kﬂk+177k+1H §k+1§k+1
ﬂk+1 kﬂk+1 ﬂk+1§k+1

otherwise

D _ Py, P, tH; 2E
L7 max (€, ~H.,0p, .}  otherwise
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Implementation

JFSQP.java
Initial.java MiniMax.java
QP java Direction_d0.java
MiniMax.java QP.java
Direction_d0.java KKT.java
QP java Direction_d1.java
KKT.java QPjava
Direction_d1.java Arcsearch.java
QP.java Check.java
Arcsearch.java BFGS_Powell.java
Check.java

BFGS_Powell.java
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Implementation

JFESQP.java
Initial.java Loop 1. MiniMax.java
QPjava Find initial feasible point Direction_d0.java
MiniMax.java QP.java
Direction_d0.java KKT.java
QP java Direction_d1.java
KKT.java QPjava
Direction_d1.java Arcsearch.java
QP java Check.java
Arcsearch.java BFGS_Powell.java
Check.java
BFGS_Powell java ;‘Jlor?(f ()Zl;timal point
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Implementation

JFESQP.java

Initial.java Loop 1.
QPjava Find initial feasible point

MiniMax.java
Direction_d0.java
QPjava
KKT.java

QPjava
Arcsearch.java

Check.java
BFGS_Powell.java

Direction_d1.java f

MiniMax.java
Direction_d0.java
QPjava
KKT.java
7, Direction_d1.java
/ QPjava
Arcsearch.java
Check.java
BFGS_Powell.java

Loop 2.

Find optimal point
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Implementation

JFSQP.java
Initial.java MiniMax java
- Find a point fitting all
Pjava <«— et -
QP linear constraints 7\ Direction_d0.java
MiniMax.java Finfl the QP.java
7‘ ection d0. optimal
Direction_d0.java point also KKT.java
Find point P.iava fitting all . . .
fitting all QP constraints Direction_dl.java
constraints KKTjava (hneflr + QP.java
(linear + . ) ) nonlinear)
nonlinear) Direction_d1 java Arcsearch.java
QPjava Check.java
Arcsearch.java BFGS_Powell.java
Check.java
BFGS_Powell.java
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Implementation

Three open-source Java libraries were leveraged:

1) JAMA (Version 1.0.3; 11/2012)
2) Apache Commons.Lang (Version 3.3.2; 04/2014)

3) Joptimizer (Version 3.3.0; 04/2014)
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Validation

JFSQP.java
Initial.java
QP java
MiniMax.java
Direction_d0.java
QP java
KKT.java
Direction_d]1.java
QP java
Arcsearch.java
Check.java
BFGS_Powell.java

20
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Validation

JFSQP.java
Initial.java
QP java
MiniMax.java
Direction_d0.java
QP java
KKT.java
Direction_d]1.java
QP java
Arcsearch.java
Check.java
BFGS_Powell.java

testJFSQP.java
testInitial.java
testQP.java

testMiniMax.java

testQP.java
testKKT.java

testQP.java

testBFGS_Powell.java
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Validation

JFESQP.java testIFSQP.java
Initial.java testlnitial.java
QPjava > testQPjava
MiniMax.java testMiniMax.java

Direction_d0.java
QP java
KKT.java

Direction_d]1.java
QP java

Arcsearch.java
Check.java

BFGS_Powell.java

> testQP.java

testKKT.java

> testQP.java

testBFGS_Powell.java
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Validation

JFESQP.java testIFSQP.java
Initial.java testlnitial.java
QPjava > testQPjava
MiniMax.java testMiniMax.java

Direction_d0.java
QP java
KKT.java

Direction_d]1.java
QP java

Arcsearch.java
Check.java

BFGS_Powell.java

> testQP.java

> testKKT.java

> testQP.java

> testBFGS_Powell.java
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Validation

JFESQP.java testIFSQP.java

Initial.java >| testlnitial.java
QPjava > testQPjava
MiniMax.java > testMiniMax.java

Direction_d0.java
QP java
KKT.java

Direction_d]1.java
QP java

Arcsearch.java
Check.java

BFGS_Powell.java

> testQP.java

> testKKT.java

> testQP.java

> testBFGS_Powell.java
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Validation

JFESQP.java > testJFSQP.java

Initial.java >| testlnitial.java
QPjava > testQPjava
MiniMax.java > testMiniMax.java

Direction_d0.java
QP java
KKT.java

Direction_d]1.java
QP java

Arcsearch.java
Check.java

BFGS_Powell.java

> testQP.java

> testKKT.java

> testQP.java

> testBFGS_Powell.java
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Validation

26

testJFSQP.java
testlnitial.java
testQP.java

testMiniMax.java

testQP.java
testKKT.java

testQP.java

testBFGS_Powell.java
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Validation

QP with LI, LE consts

QP with LI, LE consts

linear consts in QP

QP with linear consts

Same program checking with Matlab

27

testIFSQP.java
testlnitial.java
—> testQP.java

testMiniMax.java

> testQP.java

> testKKT.java

> testQP.java

> testBFGS_Powell.java
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Validation

LP, QP, NP
NI, LI, NE, LE consts
QP with LI, LE consts

Feasible point, NP with consts

QP with LI, LE consts

linear consts in QP

QP with linear consts

Same program checking with Matlab

28

testIFSQP.java
testlnitial.java
—> testQP.java

—> testMiniMax.java

> testQP.java

> testKKT.java

> testQP.java

> testBFGS_Powell.java
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Example 1

min f(x) =—x, +x,

xR’
[ —x, <0
S.t. —x, <0
< x,—1<0
x,—1=<0

Known minimizer:

Xo = (_3a2)T;f(xo) =35
x =105 f(x)=~1

Reference: Hock, Willi, and Klaus Schittkowski. "Test examples for nonlinear programming
codes." Journal of Optimization Theory and Applications 30.1 (1980): 127-129.
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Example 1

min f(x) =—x, +x,

xeR?
[ —x, <0
S.t. ~x, <0
<
x,—1<0
e
x,—1<0 i
\ N

Known minimizer:

Xo = (_3a2)T;f(xo) =35
x =10 f(x)=~1

Reference: Hock, Willi, and Klaus Schittkowski. "Test examples for nonlinear programming
codes." Journal of Optimization Theory and Applications 30.1 (1980): 127-129.
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Example 2

min f(x) =(x, +3x, + x3)2 +4(x, —X2)2
xeR?

-

X5 Xy, % 20
x, —6x,—4x,+3<0

l—x, —x,—x,=0

S.t.

N

.

Known global minimizer: x = (0,0,1)"; f(x ) =1

Reference: Hock, Willi, and Klaus Schittkowski. "Test examples for nonlinear programming
codes." Journal of Optimization Theory and Applications 30.1 (1980): 127-129.
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Example 2

Table 1. Results retumn from different initial guess

Iterations Iterations
Initial guess Oﬁt::li:;:: fotl:e:l;:;: g Feasible point retum fo:pilix;d;lng Final point return
point point
0.1 (3.05637e—07 ) 4.35632¢—-05
0.7 72 2 0.99999¢ — 01 29 0.67363¢—08
02 (1.01789¢—06 ) 0.99956¢— 01
52 ) (1.34913e—-07 ) (4.26647¢—05
-0.8 31.36 2 9.99999¢—01 33 9.67349¢ — 08
L 04 ) (7.11207¢-07 ) 9.99957¢—01 )
(=310 (4.04903¢—08 ) (2.45688¢—05
-1.5 4825 2 1.00000e —00 32 0.81212¢-08
L 20 ) (2.02531e—07 ) | 9.99975¢—01 )
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Example 2

— - : | —¥—initial guess = [0.1,0.7,0.2] |
et —¥— initial guess = [0.1,0.7,0.2] A f"'f'@ guessilz-D.B,U.d]
D% A = iritial guiess = 12, 0.6, 0.4] 2 : —¥—initial guess = [-1,-15, 2]
i.oo | —¥—initial guess = [-1,-1.5, 2] 1 :
optimal point = [0, 0, 1]

—¥— initial guess = [0.1,0.7,0.2]

it sommnsngneny et | —k—initial guess = [0.1,0.7,0.2]

: Eoooowoam —H#— initial guess = [2,-0.8, 0.4] —#—initial guess = [2, 0.8, 0.4] ; 5
154 ... _. —f— initial guess = [-1,-1.5,2] B [ EETTEPRPr —H—initial guess = [-1,-1.5,2] |- Sreaplisnasnys
: : - —— S optimal point = [0, 0, 1) % optimal point = (0,0, 1] : :




Project Schedule

October

November

December

34

Literature review;
Specify the implementation module details;

Structure the implementation;

Develop the quadratic programming module;
Unconstrained quadratic program;
Strictly convex quadratic program;

Validate the quadratic programming module;

Develop the Gradient and Hessian matrix calculation module;
Validate the Gradient and Hessian matrix calculation module;

Midterm project report and presentation;
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Develop Armijo line search module;

January

Validate Armijo line search module;

Develop the feasible initial point module;
February Validate the feasible initial point module;

Integrate the program;

Debug and document the program;

Validate and test the program with case application;

Add arch search Variablej ;

Compare calculation efficiency of line search with arch search methods;

Develop the user interface if time available;

Final project report and presentation;
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Deliverables

Project proposal

Algorithm description

Well-documented Java codes

Test cases: LP, QP, NP with NI, LI, NE, LE constraints
Validation results

Presentations

Project reports
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